SMIRNOV’S THEOREM
SIMPLIFIED:
CROSSING PROBABILITY ON A HEXAGONAL LATTICE
ROBBIE NOHRA

Abstract. This is a simplified version of Smirnov’s proof for the existence of
a given crossing probability in the limiting case for critical site percolation on
the hexagonal lattice. Smirnov also proved the longstanding conjecture that
this limit was invariant under conformal mappings. The overall structure of
the proof is based on Beffara’s paper [1] on Smirnov’s Theorem. The treatment
here is meant to further illuminate some of the basic ideas of the proof and to
provide those without much background in percolation theory an opportunity
to appreciate the theorem.

Introduction
The essence of percolation theory is captured in the following physical problem.
Given a rock with a certain porosity, if water enters through one of the pores of the
rock, what is the probability that the water will exit out of another pore? Mathematicians became interested in such problems beginning in the 1950s. Keeping
the analogy of the porous rock in mind, the situation at hand here is a hexagonal
lattice (scaled by a factor known as the ‘mesh size’). We can think of the hexagonal
faces as ‘pores’ that are equally likely to be either open or closed. The formula for
this particular crossing probability, as the mesh goes to zero, was conjectured by
Cardy in 1992. We discuss here the results of Smirnov’s paper [2]. In the paper,
he proved the existence of this crossing probability in the limiting case as the mesh
goes to zero on a hexagonal lattice. We will work with critical site percolation
on the hexagonal lattice. We refer to [3] for the background on the criticality of
percolation.

1. Understanding the setup, model, and event under consideration
Let Gδ (Figure 1) be a hexagonal lattice scaled by a factor δ > 0 and let G∗δ be the
dual graph of Gδ . Although the original statement is for a hexagonal lattice, the
motivation for why we consider the dual graph as well will come shortly. G∗δ is a
triangular lattice scaled by the same factor δ > 0 and can be seen in blue (Figure
2) superimposed onto Gδ .
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Figure 1. Gδ

Figure 2. G∗δ (in blue) superimposed onto Gδ

Given that the hexagonal lattice has a three-fold symmetry with respect to the
vertices, we consider the vertices.
Given a vertex x of Gδ , there are three edges emanating from x. These edges
can essentially be seen as complex numbers with respect to the vertex x. These
vectors or ‘oriented edges’ will be denoted by e. Given an oriented edge e ∈ Gδ ,
e∗ will denote the edge perpendicular to e with endpoints at the center of the
corresponding hexagons (that share the edge e) and oriented in such a manner that
the cross-product e × e∗ points out of the page. e∗ is usually referred to as the
“dual edge” of e. Both edges can be seen in Figure 3.
2πi

By introducing τ = e 3 , which essentially rotates a given edge e counter-clockwise
by 120◦ with respect to a given vertex, we can represent the three edges emanating
from a given vertex x as e, τ · e, τ 2 · e. The · here means that the vertex serving as
the origin remains fixed. The reason we are introducing these terms will be made
evident shortly.
We now introduce the event under consideration.

SIMPLIFIED PROOF OF SMIRNOV’S THEOREM

3

Figure 3. e and e∗
Let Ω be an open, bounded, simply connected domain in the complex plane. Let
A, B, C, and D be four points on the boundary of Ω, in that order. Now we
intersect Ω and Gδ . Clearly there will be overlap with hexagons near the boundary.
To ensure that we are working only with ‘whole’ hexagons, we define Ωδ as the
largest connected subset of Ω ∩ Gδ .
For the sake of simplicity, consider the case where Ω is simply an ellipse. Then the
above procedure can be visualized using Figure 4 and Figure 5. In this simple case,
we define Aδ , Bδ , Cδ , and Dδ as the vertices of Ωδ that are closest to the points A,
B, C, and D, respectively in Ω.
Suppose, however, that the intersection involved several components. This would
occur if (Figure 6) a connecting ‘strip’ of Ω intersected only portions of a given
hexagon, essentially leaving that part of the discretization empty. Figure 6 shows
roughly how to select Ωδ in this case. Firstly, Ω is mapped conformally, by
say ϕ, to a triangle. Secondly, Ωδ is defined, as the preimage of the subset of
ϕ(Ω ∩ Gδ ) closest to ϕ(A). Thirdly, four points along the boundary of Ω ∩ Gδ , say

Figure 4. Simple case when Ω is an ellipse
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Aδ , Bδ , Cδ , and Dδ , are chosen as the preimage of the points in ϕ(Ω ∩ Gδ ) closest
to ϕ(A) ϕ(B), ϕ(C), and ϕ(D), respectively.
To more easily visualize the event under consideration, we return to the case where
Ω is an ellipse.
Given that each hexagon has equal probability of being either, say, white or yellow,
the main event under consideration is the event that, under the condition that
p = pcritical = 21 , there is a path along the centers of a set of yellow hexagons
(Figure 7) in Ωδ beginning at a hexagon along the segment Aδ Bδ and ending at a
hexagon along the segment Cδ Dδ . We will denote this event by Tδ .
For reasons that will be made clear shortly, the probability that the event Tδ occurs
will be denoted by HA,δ (Dδ ).

Figure 5. Ωδ

Figure 6. Ωδ when there are several connected components
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The limit of HA,δ (Dδ ), as δ goes to zero, is what will be shown to exist and to be
invariant under conformal mappings.
Theorem 1.1. The probability of the event Tδ has a limit h(z) as δ goes to 0. The
limit is invariant under conformal mappings.

2. The proof
Before jumping into the technicalities of the proof, a general outline will be provided
in order to understand the motivations of each step. The brilliance of Smirnov’s
approach is to ”complexify” the problem by allowing the point Dδ to run free on
the boundary of and within Ωδ (Figure 9). In other words, we set Dδ = z ∈ Ωδ .
This is not the first time complex variables have been used to simplify a problem.
Recall that by complexifying a given series, (i.e. replacing x ∈ R with z ∈ C), the
radius of convergence of a series centered at a given point is the radius of the circle
centered at the given point that ‘hits’ the nearest singularity.
1
1
For example, by writing 1+x
2 , x ∈ R as 1+z 2 , z ∈ C it can be seen immediately
P∞
1
that the radius of convergence of the real-valued series x=0 1+x
2 about the origin
1
is 1, as the singularities of 1+z2 are i and −i (Figure 8).

Temporarily disregarding Dδ , we can then define an event analogous to Tδ which
is the event that, given a point z ∈ Ωδ , Aδ and z are separated from Bδ and Cδ .
We will denote this ‘new’ event as EA,δ (z). The A, δ, and z indicate that Aδ and
z ∈ Ωδ are being separated from the segment Bδ Cδ by a path along hexagonal
centres in Ωδ (Figure 9). Notice that in the case that z = Dδ that this event is
precisely Tδ . That is, EA,δ (Dδ ) = Tδ .

Figure 7. Cδ (Ω, A, B, C, D)
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Continuing to build on this notation, for a given z ∈ Ωδ , the probability of EA,δ (z)
will be denoted as HA,δ (z), which explains why HA,δ (Dδ ) was used originally as
the probability that the event Tδ occured.
We can then exploit the three-fold symmetry (with respect to the vertices) of the
hexagonal lattice by introducing two complementary events EB,δ (z) and EC,δ (z)
defined identically as EA,δ (z) but the separations being separations of the other
two boundary points. That is, for a given z ∈ Ωδ , EB,δ (z) is the event that there
exists a separation of Bδ and z from Aδ and Cδ . And it should be clear for EC,δ (z).
Then, rather than focusing exclusively on HA,δ (z), we can consider the three probabilities HA,δ (z), HB,δ (z), and HC,δ (z) and boldly define:

Figure P
8. Using complex analysis to find the radius of conver∞
1
gence of x=0 1+x
2

Figure 9. Dδ allowed to roam free as z ∈ Ωδ the event EA,δ (z) is
shown in yellow
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Hδ (z) := HA,δ (z) + τ HB,δ (z) + τ 2 HC,δ (z)

(2.1)

It turns out, that proving the existence of the limit of Hδ (z) as δ → 0 is much
easier than proving the existence of the limit of HA,δ (z) directly. All previous work
was done to arrive at this point where to prove that the probability of Tδ exists as
δ → 0 reduces to proving that the limit of Hδ (z) exists as δ → 0, since Tδ is one of
the terms of Hδ (z), namely HA,δ (z), evaluated at z = Dδ .
Indeed,
lim Hδ (z) = lim [HA,δ (z) + τ HB,δ (z) + τ 2 HC,δ (z)]

δ→0

δ→0

= lim HA,δ (z) + lim τ HB,δ (z) + lim τ 2 HC,δ (z)

(2.2)

lim Hδ (z) exists =⇒ lim HA,δ (z) exists

(2.3)

δ→0

δ→0

δ→0

So that,
δ→0

δ→0

The first thing to note is that, conveniently, using Russo-Seymour-Welsh theory it
can be shown (using an argument that involves annular rings) that all three maps
HA,δ (z), HB,δ (z), and HC,δ (z) are Hölder. That is, taking HA,δ (z) as an example,
given z, z 0 ∈ Ωδ , there exist α, β such that
|HA,δ (z 0 ) − HA,δ (z)| ≤ α|z 0 − z|β

(2.4)

The proof of (2.4) can be seen in more detail in section 5.2.
An infinite sequence can then be generated by extending each of HA,δ (z), HB,δ (z),
HC,δ (z) to be defined on all of Ω, rather than just on Ωδ .
Using HA,δ (z) to demonstrate, one way to undergo the extension would be to first
define the value of HA,δ (z) at the center of each hexagon as its average value around
each given hexagon. Then, by connecting this center point to a given point on the
boundary of a hexagon, one can simply extend HA,δ (z) continuously in a linear
fashion along the segment connecting the two points.
But what about the region between Ωδ and the boundary Ω (i.e. the gaps between
the hexagonal lattice lying within Ω and the boundary of Ω)? How would we extend
HA,δ (z) to this region?
We can simply use the nearest hexagons that were omitted in the intersection (hence
the gaps) and mirror the corresponding values along their edges while subsequently
undertaking a linear extension once again between the included hexagons and the
mirrored values.
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In this way, HA,δ (z), as well as HB,δ (z) and HC,δ (z), can be extended continuously
as a map from Ω → R. We then have an infinite sequence of continuous Hölder
maps, each of which is defined from Ω → R.
HA,δ (z), HB,δ (z), and HC,δ (z) all then satisfy the conditions of the Arzelà-Ascoli
theorem. The theorem implies the existence of a uniformly convergent subsequence
in each sequence (HA,δn (z))n→∞ , (HB,δn (z))n→∞ , and (HC,δn (z))n→∞ .
At this stage, we will return to the previously introduced expression Hδ (z) and
rather than deal with the three sequences above, we can consider (Hδ (z))δ>0 and
a given uniformly convergent subsequence, (Hδn (z))n∈N .
Note that although HA,δ (z), HB,δ (z), and HC,δ (z) are maps from Ω → R, Hδ (z) is
a map from Ω → C.
The goal is then clear. If it can be shown that every convergent subsequence of
(Hδ (z))δ>0 converges to the same limit, then, by Arzelà-Ascoli theorem Hδ itself
will also converge to that limit. And this would end the proof.
Put another way, the Arzelà-Ascoli theorem allows us to speak of uniformly convergent subsequences, and if we can show that the limit of a given one of these
uniformly convergent subsequences is unique (i.e. does not depend on the sequence
(δn )n∈N ), then the original sequence will also converge to that limit, and that would
end the proof.
To prove that the limit of a given convergent subsequence does not depend on the
subsequence, given that we are dealing with a complex-valued map, we appeal to
the following theorem from complex analysis, the proof of which is given in section
5.1. This theorem will essentially determine the structure of the remainder of the
proof.
Theorem 2.1. Assume that for a given map ϕ : Ω → ∆ ⊂ C the following three
conditions hold:
(1) ϕ is analytic
(2) ϕ(A) = 1
ϕ(B) = τ
ϕ(C) = τ 2
(3) ϕ(AB) ⊂ [1, τ ]
ϕ(BC) ⊂ [τ, τ 2 ]
ϕ(CA) ⊂ [τ 2 , 1]
then ϕ is the unique conformal map of (Ω, A, B, C) onto (∆, 1, τ, τ 2 ).
(∆ is a triangle with vertices 1, τ, τ 2 and A, B, C are as defined in the setup)
We will use the theorem to show the conformality of the limit.
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We proceed then to show that these three conditions hold for the limit of a given
uniformly convergent subsequence, (Hδn (z))n∈N . From this we will have established
uniqueness of a given subsequential limit and therefore convergence of the ‘parent’
sequence (Hδ (z))δ>0 .
From now on, we will fix the notation of the given convergent subsequence and its
limit as:
(Hδn (z))n∈N
(2.5)
and
h(z) := lim Hδn (z) ,
(2.6)
n→∞

respectively.
Here, taking the limit as n → ∞ is the same as taking the limit as δ → 0 because
lim δn = 0 .

n→∞

(2.7)

3. Proving Analyticity of h(z)
To prove analyticity of the subsequential limit h(z) we appeal to Morera’s theorem.
The theorem states that for a given complex-valued function f : Ω → C defined on
an open and simply connected domain Ω ⊆ C, if the line integral of f along any
piecewise closed and smooth path γ ⊆ Ω vanishes, then f is analytic.
In other words, maintaining the definitions of f , Ω, and γ just given:

If
I
f (z) dz = 0

(3.1)

γ

for any γ in Ω, then f (z) is analytic.
From this result, it is clear how we are to prove the analyticity of h(z). Pick an
arbitrary γ in Ω (satisfying the necessary properties) and show that the line integral
of h(z) along γ vanishes.
Let γ(t) be a piecewise closed and smooth path in Ω.
Although it is true that Hδn (z) was extended in such a way as to be defined on all
of Ω, we would like to integrate along a path of hexagonal edges in Ωδn in order to
exploit the geometrical properties of the hexagon.

We will denote this path of hexagonal edges as
γn (t) ⊆ Ωδ , 0 ≤ t ≤ 1

(3.2)
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and give it the property that
lim γn (t) = γ(t) .

n→∞

(3.3)

Indeed, in this case, as long as Hδn (z) → h(z) uniformly (which it does as we
showed using the Arzelà-Ascoli theorem), then
I
I
Hδn (z)dz →
h(z)dz, as n → ∞
(3.4)
γn

γ

The vertices of γn (t) can be indexed as (γn (k))0≤k≤Nδ .
Suppose, for example, that γ is a circle. Then γn can be visualized in Figure 10.
In any case,
I
Hδn (z) dz

In : =

(3.5)

γn
Nδ
X
Hδn (γn (k)) + Hδn (γn (k + 1))
(γn (k + 1) − γn (k))
=
2
k=0

We can make this expression more compact by:

Figure 10. γ and its approximation with hexagonal edges γn

(3.6)
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(1) Defining Hδn (z) for arguments e = xy ∈ Ωδ by
Hδn (e) :=

Hδn (x) + Hδn (y)
2

(3.7)

(2) Letting
e = γn (k + 1) − γn (k), e ∈ γδ (t)

(3.8)

Then,
In =

X

eHδn (e)

(3.9)

e∈γn

For the next step we introduce two new terms.
For a given face f ∈ Ωδ , let ∂f represent the boundary of that face.
In addition, let γf be the set of all faces enclosed by γn (t) .
Then, by a sort of “discrete Stokes’ theorem”,
X

eHδn (e) =

e∈γn

X X

eHδn (e) ,

(3.10)

f ∈γf e∈∂f

which holds because the terms in the interior of γn cancel each other.
To simplify In further, we introduce the following identity for the sum along the
edges of a given face, representing adjacent vertices of each edge and the center of
a given face by xk+1 , xk and c(f ), respectively:
|f |−1

X

eH(e) =

e∈∂f

X

(xk+1 − xk )

k=0
|f |−1 

=

X

k=0

c(f ) −

H(xk+1 ) + H(xk )
2


xk+1 + xk
) [H(xk+1 ) − H(xk )]
2

(3.11)

(3.12)

The subscript δn is omitted here and in the proof of the identity to avoid being
cumbersome.

Proof. Simply compare coefficients of a given term on either side of the identity.
For ease of computation, compare coefficients of H(xi+1 ) on either side.
On the LHS, we find the coefficient of H(xi+1 ) by adding two consecutive terms
(the only two involving H(xi+1 )),
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H(xi+1 ) + H(xi )
2
H(xi+2 ) + H(xi+1 )
+(xi+2 − xi+1 )
2
(xi+1 − xi )

(xi+1 − xi + xi+2 − xi+1 )
+ ···
2
(xi+2 − xi )
= H(xi+1 )
+ ···
2
= H(xi+1 )

(3.13)

(3.14)
(3.15)

Similarly, on the RHS adding two consecutive terms gives,



xi + xi+1
c(f ) −
[H(xi+1 − H(xi )]
2


xi+1 + xi+2
+ c(f ) −
[H(xi+2 − H(xi+1 )]
2


−xi − xi+1 + xi+1 + xi+2
= H(xi+1 ) c(f ) − c(f ) +
2
(xi+2 − xi )
= H(xi+1 )
+ ···
2

(3.16)

(3.17)
(3.18)

Voila!
Remark: the reason we care about this identity is becase it provides a means of
introducing c(f ), and the difference of the centers of two adjacent centers is the
dual of the mutual edge shared by the two hexagons...


Figure 11. ”Discrete Stokes’ Theorem”
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X X
In =
eHδn (e)
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(3.19)

f ∈γf e∈∂f

=

|−1 
X |fX

c(f ) −

f ∈γf k=0

xk+1 + xk
2


[Hδn (xk+1 ) − Hδn (xk )]

(3.20)

Disregarding the summation sign and focusing on the expression for the summand,
in words, we are adding that expression along the edge of each face enclosed within
γn . Note that this of course includes the edges comprising γn itself.
To simplify this further, then, we note that since we are adding along the edge of
every face, we can consider the two terms that will result for an edge shared by two
adjacent hexagonal faces.
If we denote the shared edge by e = xy, and we let the two adjacent faces be f1
and f2 , then the two resulting terms will add to:

x+y
[Hδn (y) − Hδn (x)]
c(f1 ) −
2


x+y
[Hδn (x) − Hδn (y)]
+ c(f2 ) −
2
= [c(f1 ) − c(f2 )][Hδn (y) − Hδn (x)]


because of the cancellation of the
dual of the shared edge e).

x+y
2

(3.21)
(3.22)

terms. (Note that c(f1 ) − c(f2 ) = e∗ , the

But then it’s just as good to add expression (3.22) once along every edge in the
interior of γn (the border edges won’t have adjacent faces so the cancellation of the
x+y
2 terms won’t hold there) and divide by two, given the fact that the cancellation
of x+y
2 accounts for the overlapping edges of adjacent faces in the interior of γn .
Then, we can split In into two sums — one over the edges interior to γn , and one
over the edges of γn itself. Let e ⊂ γn mean that the edge e is within γn and let
e ∈ γn denote that the edge e is on γn itself.
Putting all this together,
In =


X
x+y
1 X ∗
e [Hδn (y) − Hδn (x)] +
c(fe ) −
[Hδn (y) − Hδn (x)] (3.23)
2 e⊂γ
2
e∈γ
n

n

where, as usual, x and y denote the vertices of a given edge e, in the boundary
sum fe denotes the face corresponding to a boundary edge e, and we mention again
that the 21 term is in front of the first sum since overlapping edges have already
been accounted for by the cancellation of the x+y
2 terms, so we would in essence be
double-counting in considering all oriented edges e ⊂ γn .
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The sum along the boundary edges can be shown to go to zero in the following
manner.
It should be clear, given that the scale of the mesh here is δn , that
c(fe ) −

x+y
≤ δn
2

(3.24)

Since |c(fe ) − x+y
2 | is the distance from the midpoint of a boundary edge e to the
center of the corresponding face interior to γn .
As stated earlier (2.4), the map Hδn is Hölder. Thus there exists a constant α such
that:
|Hδn (y) − Hδn (x)| ≤ δnα
(3.25)
Therefore,
c(fe ) −

x+y
· |Hδn (y) − Hδn (x)| ≤ δnα+1
2

(3.26)

If we denote the length of γn as ` and divide this by the mesh δn , we arrive at the
term
`
(3.27)
δn
which serves as an upper bound for the number of terms that will appear in the
boundary sum.
Putting everything together, the inequality for the boundary sum is,

X
x+y
`
c(fe ) −
[Hδn (y) − Hδn (x)] ≤
· δnα+1 = ` · δnα
2
δ
n
e∈γ

(3.28)

n

where the upper bound happily tends to zero since limn→∞ δn = 0.
That means that In reduces to the first sum along the edges of the interior of γn .
That is,
1 X ∗
e [Hδn (y) − Hδn (x)] + o(1)
(3.29)
In =
2 e⊂γ
n

To simplify the sum along the interior edges, we seek to write Hδn (y) − Hδn (x)
differently.
Consider HA,δn . In particular, consider HA,δn (y).
Recall that HA,δn (y) is, by definition, the probability that y and Aδn are separated
from the segment Bδn Cδn . However, given that x is also part of the picture (remember we want to simplify the above difference), we write HA,δn (y) as the sum
of two disjoint cases:
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(1) The case that both x and y are separated
(2) The case that y is separated and x is not
Denote probability of case (1) as P (1) and the probability of case 2 as P (2).
If we had instead started with HA,δn (x), then by the same reasonsing we would
have two cases:
(3) The case that both x and y are separated
(4) The case that x is separated and y is not
similarly defining P (3) and P (4) as the probabilies that case (3) and case (4) occur,
respectively.
Note that case (2) and case (4) are essentially “inverse” cases, while case (1) and
case (3) are identical (as a result P (1) = P (3))
Having split HA,δn (y) and HA,δn (x) each into two disjoint cases, we can write
HA,δn (y) − HA,δn (x) = [P (1) + P (2)] − [P (3) + P (4)]

(3.30)

= P (2) − P (4)

(3.31)

because P (1) = P (3).
By letting e = xy and introducing the notation,
PA,δn (e) = the probability that EA,δn (y) is satisfied (i.e. y is separated) but
EA,δn (x) is not (i.e. x is not separated), we can write
P (2) − P (4) = PA,δn (e) − PA,δn (−e).

(3.32)

With this notation, we write
HA,δn (y) − HA,δn (x) = PA,δn (e) − PA,δn (−e).

(3.33)

The same arguments apply to HB,δn and HC,δn from which, using the same introduced notation, we get
HB,δn (y) − HB,δn (x) = PB,δn (e) − PB,δn (−e)

(3.34)

HC,δn (y) − HC,δn (x) = PC,δn (e) − PC,δn (−e).

(3.35)

Then,
Hδn (y) − Hδn (x)

(3.36)
2

2

= [HA,δn (y) + τ HB,δn (y) + τ HC,δn (y)] − [HA,δn (x) + τ HB,δn (x) + τ HC,δn (x)]
= [HA,δn (y) − HA,δn (x)] + τ [HB,δn (y) − HB,δn (x)] + τ 2 [HC,δn (y) − HC,δn (x)]
= [PA,δn (e)−PA,δn (−e)]+τ [PB,δn (e)−PB,δn (−e)]+τ 2 [PC,δn (e)−PC,δn (−e)] (3.37)
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by subtituting (3.37) into (3.29) In becomes
1 X ∗
In =
e [PA,δn (e)−PA,δn (−e)+τ [PB,δn (e)−PB,δn (−e)]+τ 2 [PC,δn (e)−PC,δn (−e)]
2 e⊂γ
n

(3.38)
But wait! We are saved again by the fact that we are summing over all the edges
interior to γn . Then we will have an interesting result. Given an edge e, since we
are summing over all the edges we will certainly encounter the edge −e. But then,
considering PA,δn for the moment,
e∗ [PA,δn (e) − PA,δn (−e)] + (−e)∗ [PA,δn (−e) − PA,δn (e)]

(3.39)

= e∗ [PA,δn (e) − PA,δn (−e)] − e∗ [PA,δn (−e) − PA,δn (e)]
= e∗ PA,δn (e) − e∗ PA,δn (−e) − e∗ PA,δn (−e) + e∗ PA,δn (e)
= 2e∗ PA,δn (e) − 2e∗ PA,δn (−e)
= 2e∗ PA,δn (e) + 2(−e)∗ PA,δn (−e)

(3.40)

since −e∗ = (−e)∗
If we see how (3.39) reduces to (3.40) and look at sum (3.38) while focusing exclusively on PA,δn for simplicity we see that
1 X ∗
e [PA,δn (e) − PA,δn (−e)]
2 e⊂γ

(3.41)

n

1 X ∗
2e PA,δn (e) + 2(−e)∗ PA,δn (−e)
2 e⊂γ
n
X
=
e∗ PA,δn (e) + (−e)∗ PA,δn (−e)
=

e⊂γn

=

X

e∗ PA,δn (e) +

e⊂γn

=2

X

X

(−e)∗ PA,δn (−e)

e⊂γn

e∗ PA,δn (e)

(3.42)

e⊂γn

since we are summing over all the edges we can pair each edge e with −e and note
that PA,δn [−(−e)] = PA,δn (e).
Then, by applying result (3.42) to (3.38), In reduces to
X
In = 2
e∗ [PA,δn (e) + τ PB,δn (e) + τ 2 PC,δn (e)]

(3.43)

e⊂γn

This is a very important step as this is the main combinatorial portion of the proof.
The combinatorial nature of this step can be seen in greater detail in [2].

SIMPLIFIED PROOF OF SMIRNOV’S THEOREM

17

Now, from Smirnov [2] we have the following property,
PA,δn (e) = PB,δn (τ · e) = PC,δn (τ 2 · e)

(3.44)

which is established using the technique known as colour swapping.
The · in τ · e and τ 2 · e has a special meaning here, it means that we keep the given
origin fixed as the edge e is rotated.
These identities will be used to express [PA,δn (e) + τ PB,δn (e) + τ 2 PC,δn (e)] only in
terms of PA,δn (e).
This is done in the following manner.
From colour swapping (3.44) we have
PB,δn (τ · e) = PA,δn (e)

(3.45)

PB,δn (e)

(3.46)

= PB,δn [τ (τ 2 · e)]

(3.47)

Then,

2

= PA,δn (τ · e)

(3.48)

recalling that τ · τ 2 = τ 3 = 1.
Similarly, again from colour swapping (3.44) we have
PC,δn (τ 2 · e) = PA,δn (e).

(3.49)

PC,δn (e)

(3.50)

= PC,δn [τ 2 (τ · e)]

(3.51)

= PA,δn (τ · e)

(3.52)

Then,

Putting it all together,
[PA,δn (e) + τ PB,δn (e) + τ 2 PC,δn (e)] = [PA,δn (e) + τ PA,δn (τ 2 · e) + τ 2 PA,δn (τ · e)]
(3.53)
and so
In = 2

X

e∗ [PA,δn (e) + τ PA,δn (τ 2 · e) + τ 2 PA,δn (τ · e)]

(3.54)

e⊂γn

Consider the expression
e∗ [PA,δn (e) + τ PA,δn (τ 2 · e) + τ 2 PA,δn (τ · e)]
Fix an edge e0 ⊂ γn .

(3.55)
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Given that we are taking the sum of this expression over all the edges within the
interior γn , surely we will sum over the edge τ · e0 and τ 2 · e0 (Figure 12 and Figure
13).
We will evaluate (1) at e0 , τ · e0 , and τ 2 · e0 and “follow” the coefficient of PA,δn (e0 )
to reindex the sum.
Case e = e0
e∗0 [PA,δn (e0 ) + τ PA,δn (τ 2 · e0 ) + τ 2 PA,δn (τ · e0 )]

(3.56)

Coefficient of PA,δn (e0 ) equals e∗0 .
Case e = τ · e0
(τ · e0 )∗ [PA,δn (τ · e0 ) + τ PA,δn (τ 2 · τ · e0 ) + τ 2 PA,δn (τ · τ · e0 )]
∗

2

2

= (τ · e0 ) [PA,δn (τ · e0 ) + τ PA,δn (e0 ) + τ PA,δn (τ e0 )]

(3.57)
(3.58)

Coefficient of PA,δn (e0 ) equals τ (τ · e0 )∗ .
Case e = τ 2 · e0
(τ 2 · e0 )∗ [PA,δn (τ 2 · e0 ) + τ PA,δn (τ 2 · τ 2 · e0 ) + τ 2 PA,δn (τ · τ 2 · e0 )]
2

∗

2

2

= (τ · e0 ) [PA,δn (τ · e0 ) + τ PA,δn (τ · e0 ) + τ PA,δn (e0 )]

(3.59)
(3.60)

Coefficient of PA,δn (e0 ) equals τ 2 (τ 2 · e0 )∗
The sum of the coefficients of PA,δn (e0 ) is then
e∗0 + τ (τ · e0 )∗ + τ 2 (τ 2 e0 )∗

(3.61)

[e∗0 + τ (τ · e0 )∗ + τ 2 (τ 2 e0 )∗ ]PA,δn (e)

(3.62)

So,
In =

X
e⊂γn

Figures 12-15 show geometrically how e∗ + τ (τ e)∗ + τ 2 (τ 2 e)∗ = 0.
Then clearly
lim In = 0

n→∞

(3.63)

Therefore,
I
h(z)dz = 0

(3.64)

γ

and, since γ was an arbitrary path, from (3.4) and (3.5) h(z) is analytic by Morera’s
theorem.

SIMPLIFIED PROOF OF SMIRNOV’S THEOREM

19

4. Proving conditions (2) and (3) of Theorem 2.1 Boundary
Conditions
In this section we will deal directly with
h(z) := hA (z) + τ hB (z) + τ 2 hC (z)

(4.1)

where hA (z), hB (z), hC (z) are the limits of HA,δ (z), HB,δ (z), and HC,δ (z), respectively, as δ → 0.
Note that on [A, B] ⊂ ∂Ω, HC (z) = 0, since z and C can not be separated from
[A, B] (indeed because here z is in [A,B]).
Then, h(z) = HA (z) + τ HB (z)
With ample motivation, given this result along the segment [A, B] on the boundary
of Ω, we introduce the following real-valued function:
S(z) = HA (z) + HB (z) + HC (z)

(4.2)

By Morera’s theorem, running S(z) through the identical arguments used for h(z)
in Section 3, we find that S(z) is also analytic. Being a real-valued function, this
means that S(z) must be constant. Noticing that S(A) = 1, we conclude that
S(z) = 1.
Returning now to the original discussion of the case where z ∈ [A, B], since in that
case HC (z) = 0 ,
S(z) = HA (z) + HB (z) = 1 =⇒ HB (z) = 1 − HA (z)

(4.3)

h(z) = HA (z) + τ HB (z) = HA (z) + τ [1 − HA (z)]

(4.4)

But then

Being a probability,
0 ≤ HA (z) ≤ 1

(4.5)

Just like that, a parametrization pops out whereby h(z) maps [A, B] into [1, τ ]
(showing that h(AB) ⊂ [1, τ ] and thereby satisfying part of (3) from Theorem 2.1
).
In addition, h(A) = HA (A) + τ [1 − HA (A)] = 1 + τ (1 − 1) = 1 + 0 = 1
thereby satisfying part of (2) from Theorem 2.1.
Identical arguments for segments [B, C] and [C, A] prove that h(z) fully satisfies
conditions (2) and (3) of Theorem 2.1.
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Then, by the theorem, the subsequential limit h(z) is unique and conformal.
This concludes the proof, as the uniformly convergent subsequential limit (Hδn (z))n∈N
was chosen arbitrarily, and so the uniqueness of its limit implies convergence of the
original sequence (Hδ (z))δ>0 .

5. Proof of Theorem 2.1 and Hölder Lemma
5.1. Theorem 2.1. Assume that for a given map ϕ : Ω → ∆ ⊂ C the following
three conditions hold:
(1) ϕ is analytic
(2) ϕ(A) = 1
ϕ(B) = τ
ϕ(C) = τ 2
(3) ϕ(AB) ⊂ [1, τ ]
ϕ(BC) ⊂ [τ, τ 2 ]
ϕ(CA) ⊂ [τ 2 , 1]
then ϕ is the unique conformal map of (Ω, A, B, C) onto (∆, 1, τ, τ 2 ).

Proof. Take w ∈ ∆.
Consider
1
I = | {z ∈ Ω : ϕ(z) = w} | = | {z ∈ Ω : ϕ(z) − w = 0} | =
2πi

Z

ϕ0 (s)
ds (5.1)
ϕ(s) − w

∂Ω

The previous equality uses condition (1), analyticity of ϕ, and the final formula is
known as the winding number formula [4].
Then, integrating along ∂Ω we get
I=

1
2πi

Z

ϕ0 (s)
ds
ϕ(s) − w

(5.2)

∂Ω



Z
Z
Z
1 
ϕ0 (s)
ϕ0 (s)
ϕ0 (s)
=
ds +
ds
ds
2πi
ϕ(s) − w
ϕ(s) − w
ϕ(s) − w
AB

Next, by a change of variables

BC

CA

(5.3)
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Z
Z
Z
ϕ0 (s)
1 
ϕ0 (s)
ϕ0 (s)
I=
ds +
ds
ds
2πi
ϕ(s) − w
ϕ(s) − w
ϕ(s) − w
AB
BC
CA


Z
Z
Z
dη
dη 
1 
dη
=
+


2πi
η−a
η−a
η−a
ϕ(AB)

(5.4)

(5.5)

ϕ(CA)

ϕ(BC)

1
Invoking conditions (2) and (3), and noting that η−a
is analytic in a neighbourhood
of the endpoints of each segment of ∆ (since ϕ can move back and forth along any
one of these segments)


Z
Z
Z
dη
dη
dη
1 

ds +
ds
ds
(5.6)
I=

2πi
η−a
η−a
η−a
ϕ(AB)

ϕ(BC)

ϕ(CA)


=

1 

2πi


Z

dη
ds +
η−a

[τ,τ 2 ]

[1,τ ]

=

1
2πi

Z

Z

dη
ds
η−a

Z

dη

ds
η−a

(5.7)

[τ 2 ,1]

dη
η−a

(5.8)

∂∆

2πi
=
=1
2πi

(5.9)

by Cauchy’s formula.
So,
| {z ∈ Ω : ϕ(z) = w} | = 1

(5.10)

Therefore, ϕ : Ω → ∆ is one-to-one.
Invoking condition (2) once again and appealing to the Reimann Mapping Theorem
gives uniqueness and conformality of ϕ.

1
(everywhere except at a)
Note: from (5.6) to (5.7) we used the analyticity of η−a
to note that it has an antiderivative, say G, and to write, using the first of the three
terms to demonstrate

Z

dη
ds = G(ϕ(B)) − G(ϕ(A))
η−a

(5.11)

ϕ(AB)

Z
=
[1,τ ]

dη
ds
η−a

(5.12)
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5.2. Hölder Lemma. Originally in the paper (2.4) we stated that it could be
shown, using Russo-Seymour-Welsh Theory, that all three maps HA,δ (z), HB,δ (z),
and HC,δ (z) are Hölder. We used the Hölder property of the three maps several
times throughout the paper. Having introduced PA,δn (e), PB,δn (e), and PC,δn (e),
we can now provide a brief proof that HA,δ (z), HB,δ (z), and HC,δ (z) are Hölder.
Since the proof for all three maps is equivalent we will simply demonstrate that
HA,δ (z) is Hölder.
Proof. Actually, having introduced the probability PA,δn (e) (3.32), the proof is
relatively straightforward. Let e be the edge with endpoints z and z 0 in Ωδ . That
is, let e = zz 0 . Then, using result (3.33),
|HA,δ (z) − HA,δ (z 0 )| = |PA,δn (e) − PA,δn (−e)|

(5.13)

Then, as a rough estimate for an upper bound
|HA,δ (z) − HA,δ (z 0 )| = |PA,δn (e) − PA,δn (−e)|
≤ max {PA,δn (e), PA,δn (−e)}

(5.14)
(5.15)

0

Then, let the distance between z and z be
√
z − z0 = ρ

(5.16)

Then consider the annular ring centered at z, containing z 0 with inner radius ρ and
outer radius R. Choose an R with the property that there exists a crossing passing
through this annular ring. Put another way, choose an R with the property that
no point is within distance R of all three segments along the boundary of Ω.
Denote this annular ring as
A(z, ρ, R)

(5.17)

If we take ρ << R (by making the mesh δ small enough) then
A(z, ρ, R) = A(z, ρ, 2ρ) ∪ A(z, ρ, 22 ρ) ∪ · · · ∪ A(z, ρ, 2n ρ)

(5.18)

in the limit as n → ∞.
Then, for large enough n
2n ρ ≈ R
R
2n ≈
ρ
 
R
n ≈ log2
ρ

(5.19)
(5.20)
(5.21)

Then, continuing from (5.5), and noting that the crossing will pass through the n
annular rings (where the space between each annular ring is ρ (5.8)), we can invoke
Russo-Seymour-Welsh Theory and say that probability of crossing for each ring, p,
is bounded away from 0 and 1 [3].
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Therefore, for large n
|HA,δ (z) − HA,δ (z 0 )| ≤ max {PA,δn (e), PA,δn (−e)}

(5.22)

n

(5.23)

≤p

= plog2 ( )
R
ρ

(5.24)

At this point, we would like to use the following exponential-logarithmic identity
that can be easily proved using the change of base formula for logarithms
alog2 b = blog2 a

(5.25)

Continuing from (5.14)
|HA,δ (z) − HA,δ (z 0 )| ≤ plog2 ( ρ )
 log2 p
R
=
ρ
 log2 p
1
log2 p
=R
·
ρ
R

= Rlog2 p · ρ− log2 p
= Rlog2 p · ρ

= Rlog2 p |z − z |
0 β

= α|z − z |

(5.27)
(5.28)
(5.29)

1
log2 p

0 log2

(5.26)

(5.30)
1
p

(5.31)
(5.32)

Where α and β are defined because, as mentioned earlier, by Russo-Seymour-Welsh
theory, p is bounded away from 0 and 1 so log2 p and log2 p1 are defined. Both α
and β are also non-negative, a requirement of the Hölder condition.
More specifically, Rlog2 p is defined because p is bounded away from 0 by RSW
theory and positive since R, being a radius, is positive and p, again by RSW theory,
is bounded away from 1.
Similarly, log2 p1 is defined, because p is bounded away from 0 by RSW theory and
positive since p is bounded away from 1 as well by RSW theory and 0 < p < 1 ⇒
1
p > 0.
Therefore, the map HA,δ (z) is Hölder. The other two maps can be shown to be
Hölder in precisely the same way.
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